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One-loop calculations in Supersymmetric Lattice QCD
M. Costa1,a and H. Panagopoulos1
1Department of Physics, University of Cyprus, CY-1678 Nicosia, Cyprus
Abstract. We study the self energies of all particles which appear in a lattice regular-
ization of supersymmetric QCD (N = 1). We compute, perturbatively to one-loop, the
relevant two-point Green’s functions using both the dimensional and the lattice regular-
izations. Our lattice formulation employs the Wilson fermion acrion for the gluino and
quark fields. The gauge group that we consider is SU(Nc) while the number of colors, Nc
and the number of flavors, N f , are kept as generic parameters. We have also searched for
relations among the propagators which are computed from our one-loop results. We have
obtained analytic expressions for the renormalization functions of the quark field (Zψ),
gluon field (Zu), gluino field (Zλ) and squark field (ZA± ).
We present here results from dimensional regularization, relegating to a forthcoming pub-
lication [1] our results along with a more complete list of references. Part of the lattice
study regards also the renormalization of quark bilinear operators which, unlike the non-
supersymmetric case, exhibit a rich pattern of operator mixing at the quantum level.
1 Introduction
In recent years, methods of extracting nonperturbative information for Supersymmetric Theories
through lattice simulations are being studied extensively [2–4], from a number of viewpoints. There
are a number of important physical questions regarding SUSY to be ultimately addressed on the lat-
tice, such as the nature of SUSY breaking, and the phase diagram of SUSY models. Such questions
have become increasingly relevant in recent years, in the context of investigations of BSM Physics.
Many notorious problems arise when formulating SUSY models on the lattice [5], such as the emer-
gence of a plethora of counterterms in the action and the need for fine-tuning of masses and coupling
constants [6–8]. The present work investigates these problems using, as a representative nontrivial
model, supersymmetric N = 1 Quantum Chromodynamics (SQCD).
The fundamental fields involved in the construction of the SQCD Lagrangian are well-known
and we present them below for completeness. There are two types of fields, chiral superfields and
vector superfields [9, 10]. The physical components of a chiral superfield Φ, are the matter fields: A
which represents a scalar boson (squark), ψ which is a two-component spinor (quark - spin 12 ) and
F which is an auxiliary complex scalar field. In superspace notation (x: spacetime coordinates, θ/θ¯:
anticommuting coordinates) the chiral superfield Φ in terms of the above component fields is:
Φ(x, θ, θ¯) = A(x) +
√
2 θψ(x) + θθ F(x) + iθ σµ θ¯ ∂µA(x) (1)
+
i√
2
θθ θ¯ σ¯µ ∂µψ(x) +
1
4
θθ θ¯θ¯ ∂µ∂
µA(x)
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The general form of a vector superfield V(x, θ, θ¯) is:
V(x, θ, θ¯) = C(x) + iθχ(x) − iθ¯χ¯(x) + i
2
θθ
[
M(x) + iN(x)
] − i
2
θ¯θ¯
[
M(x) − iN(x)] (2)
− θ σµ θ¯ uµ(x) + iθθ θ¯
[
λ¯(x) +
i
2
σ¯µ∂µχ(x)
]
− iθ¯θ¯ θ
[
λ(x) +
i
2
σµ∂µχ¯(x)
]
+
1
2
θθ θ¯θ¯
[
D(x) +
1
2
∂µ∂
µC(x)
]
.
We can choose a special gauge where the components C, χ,M,N are zero. This defines the
Wess−Zumino (WZ) gauge. A vector superfield in Wess−Zumino gauge reduces to the form:
V(x, θ, θ¯) = −θ σµ θ¯ uµ(x) + iθθ θ¯λ¯(x) − iθ¯θ¯ θλ(x) + 12 θθ θ¯θ¯D(x) . (3)
where uµ = u
(α)
µ T (α) is the gluon field, λ = λ(α)T (α) is the gluino field and D = D(α)T (α) is an auxiliary
real scalar field; (α) is a color index in the adjoint representation of the gauge group, and the generators
T (α) satisfy Tr(TαT β) = 1/2 δα β.
The minimal content of the SQCD Lagrangian, in order to contain gluons and 4-component mas-
sive quarks is two chiral super−multiplets Φ+ = {A+, ψ+, F+} and Φ− = {A−, ψ−, F−} and a vector
super−multiplet V = {uµ, λ,D}. We combine the components ψ+, ψ− to create Dirac spinors. In order
to obtain a renormalizable theory, we need to construct a Lagrangian with products of superfields
having dimensionality ≤ 4; in addition, we require Lorentz invariance as well as invariance under
supersymmetric gauge transformations:
Φ′+ = e
−iΛΦ+ , Φ′− = Φ−e
iΛ, eV
′
= e−iΛ
†
eVeiΛ, (4)
where Λ is an arbitrary chiral superfield. The Lagrangian takes the form:
L = 1
8 g
Tr
(
WαWα|θθ + W¯α˙ W¯ α˙|θ¯θ¯) + (Φ†+ eV Φ+ + Φ− e−V Φ†−)|θθθ¯θ¯ + m(Φ−Φ+|θθ + Φ†+Φ†−|θ¯θ¯) (5)
where Wα = − 14D¯D¯ e−V Dα eV is the supersymmetric field strength and the supersymmetric covariant
derivative is defined as: Dα = ∂∂θα + iσµαα˙ θ¯α˙ ∂µ , D¯α˙ = − ∂∂θ¯α˙ − iθα (σµ)αα˙ ∂µ. Combining the
components of Φ+ with Φ− we can construct a 4 component Dirac Spinor (ψD). Upon functionally
integrating over the auxiliary fields, rescaling V → 2 gV and after a Wick rotation, the form of the
Euclidean action in 4 dimensions in Dirac notation SESQCD is:
SESQCD =
∫
d4x
[1
4
u(α)µν u
(α)
µν +
1
2
λ¯(α)M γ
E
µDµλ(α)M
+ DµA†+DµA+ +DµA−DµA†− + ψ¯DγEµDµψD
+ i
√
2g
(
A†+λ¯
(α)
M T
(α)PE+ψD − ψ¯DPE−λ(α)M T (α)A+ + A−λ¯(α)M T (α)PE−ψD − ψ¯DPE+λ(α)M T (α)A†−
)
+
1
2
g2(A†+T
(α)A+ − A−T (α)A†−)2 − m(ψ¯DψD − mA†+A+ − mA−A†−)
]
. (6)
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where λM =
(
λa
λ¯a˙
)
and ψTD =
(
ψ+a
ψ¯a˙−
)
, PE± =
1± γE5
2 , γ
E
5 = γ
E
0 γ
E
1 γ
E
2 γ
E
3 . SESQCD is invariant under
supersymmetric transformations (ξM: Majorana spinor parameter):
δξA+ = −
√
2ξ¯MPE+ψD ,
δξA− = −
√
2ψ¯DPE+ξM ,
δξ(PE+ψD) =
√
2(DµA+)PE+γEµ ξM −
√
2mPE+ξMA
†
− ,
δξ(PE−ψD) =
√
2(DµA−)†PE−γEµ ξM −
√
2mA+PE−ξM ,
δξu(α)µ = −ξ¯MγEµ λ(α)M ,
δξλ
(α)
M =
1
4
u(α)µν [γ
E
µ , γ
E
ν ]ξM − 2igγE5 ξM(A†+T (α)A+ − A−T (α)A†−) . (7)
2 The Calculation
We calculate perturbatively a number of 2-pt Green’s functions up to one-loop, both in the continuum
and on the lattice. The quantities that we study are the self energies of the quark (ψ), gluon (uµ), squark
(A) and gluino (λ) fields, as well as the 2-pt Green’s functions of the quantities Oi(x) = ψ¯(x)Γiψ(x),
using both dimensional regularization (DR) and lattice regularization (L). The index "i” refers to the
possibilities of the gamma matrices: (scalar) ΓS = 1 , (pseudoscalar) ΓP = γ5, (vector) ΓV = γµ, (axial)
ΓA = γ5γµ, (tensor) ΓT = γµγν.
The first step in our perturbative procedure is to calculate the 2-pt Green’s functions in the con-
tinuum where we regularize the theory in D-dimensions (D = 4 − 2 ). The continuum calculations
are necessary in order to compute the MS-renormalized Green’s functions; these enter the subsequent
calculation of the corresponding Green’s functions using lattice regularization and MS renormaliza-
tion. The continuum results also provide the renormalization functions of the quark field (Zψ), squark
field (ZA± ), gluon field (Zu) and gluino field (Zλ) and of the complete set of quark bilinear operators
Oi (Zi). For the extraction of the renormalization functions, we applied the MS scheme at a scale µ¯.
Once we have computed the renormalization functions in the MS scheme we can construct their RI′
counterparts using conversion factors which are immediately extracted from our computation to the
required perturbative order. Being regularization independent, these same conversion factors can then
be also used for lattice renormalization functions.
The aforementioned renormalization functions are defined as follows:
ψR =
√
Zψ ψB, AR± =
√
ZA± A
B
±, u
R
µ =
√
Zu uBµ , λ
R =
√
Zλ λB, ORi = Zi OBi . (8)
The one-loop Feynman diagrams (one-particle irreducible (1PI)) contributing to 〈ψ(x)ψ¯(y)〉 are shown
in Fig. 1, those contributing to 〈A(x)A†(y)〉 in Fig. 2. One-loop Feynman diagrams contributing to the
Green’s function 〈u(α)µ (x)u(β)ν (y)〉 and 〈λ(α)(x)λ¯(β)(y)〉 are shown in Fig. 3 and Fig. 4, respectively. The
Feynman diagram that enters the calculation of the Green’s function 〈ψ(x)Oi(z)ψ¯(y)〉 up to one-loop
is shown in Fig. 5.
3 Continuum Results
Here we can collect all our results for the 2-pt Green’s functions 1:
〈ψ(x)ψ¯(y)〉DRamp
∣∣∣∣
m=0
= i 6q
[
1 − g
2 CF
16 pi2
(
2 + α

+ 4 + α + (2 + α) log
(
µ¯2
q2
))]
(9)
1A Fourier transformation, with momentum q, is intended for all Green’s functions appearing on the lhs of Eqs. (9-17)
and (21).
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Figure 1. One-loop Feynman diagrams contributing to the 2-pt Green’s function of the quark propagator,
〈ψ(x)ψ¯(y)〉.
Figure 2. One-loop Feynman diagrams contributing to the 2-pt Green’s function of the squark propagator,
〈A+(x)A†+(y)〉. Similar diagrams apply to the propagator of the A− field.
Figure 3. One-loop Feynman diagrams contributing to the 2-pt Green’s function of the gluon propagator,
〈u(α)µ (x)u(β)ν (y)〉. The last Feynman diagram is the one with a closed ghost loop coming from the ghost part of
the action.
Figure 4. One-loop Feynman diagrams contributing to the 2-pt Green’s function of the gluino propagator,
〈λα(x)λ¯β(y)〉.
where CF = (N2c − 1)/(2Nc) is the quadratic Casimir operator in the fundamental representation, α is
the gauge parameter (α = 1(0) corresponds to the Feynman (Landau) gauge). A Kronecker delta for
CONF12
Figure 5. One-loop Feynman diagram contributing to the 2-pt Green’s function of 〈ψ(x)Oi(z)ψ¯(y)〉, where Oi are
all local quark bilinear operators. The circled cross denotes the quark bilinear operator insertion.
color indices is understood in Eqs. (9) and (10).
〈A±(x)A†±(y)〉DRamp
∣∣∣∣
m=0
= q2
[
1 − g
2 CF
16 pi2
(
1 + α

+
16
3
+ (1 + α) log
(
µ¯2
q2
))]
(10)
〈u(α)µ (x)u(β)ν (y)〉DRamp
∣∣∣∣
m=0
=
1
α
δ(α) (β)qµqν + δ(α) (β)
(
q2δµν − qµqν
)
× (11)[
1 − g
2 N f
16 pi2
(
1

+ 2 + log
(
µ¯2
q2
))
−g
2 Nc
16 pi2
1
2
(
1 + α

+
7
2
− α − α
2
2
+ (1 + α) log
(
µ¯2
q2
)) ]
〈λ(α)(x)λ¯(β)(y)〉DRamp
∣∣∣∣
m=0
=
i
2
δ(α) (β) 6q
[
1 − g
2 N f
16 pi2
(
1 +
1

+ log
(
µ¯2
q2
))
(12)
−g
2 Nc
16 pi2
(
α +
α

+ 4α log
(
µ¯2
q2
)) ]
〈ψ(x)OS (z)ψ¯(y)〉DRamp
∣∣∣∣
m=0
= 1
[
1 +
g2 CF
16 pi2
(
3 + α

+ 4 + 2α + (3 + α) log
(
µ¯2
q2
))]
(13)
〈ψ(x)OP(z)ψ¯(y)〉DRamp
∣∣∣∣
m=0
= γ5
[
1 +
g2 CF
16 pi2
(
3 + α

+ 12 + 2α + (3 + α) log
(
µ¯2
q2
))]
(14)
〈ψ(x)OV (z)ψ¯(y)〉DRamp
∣∣∣∣
m=0
= γµ
[
1 +
g2 CF
16 pi2
α
(
1

+ 1 + log
(
µ¯2
q2
))]
− 2αqµ 6q
q2
g2 CF
16 pi2
(15)
〈ψ(x)OA(z)ψ¯(y)〉DRamp
∣∣∣∣
m=0
= γ5γµ
[
1 +
g2 CF
16 pi2
(
α

+ 4 + α + α log
(
µ¯2
q2
))]
− 2αγ5 qµ 6qq2
g2 CF
16 pi2
(16)
〈ψ(x)OT (z)ψ¯(y)〉DRamp
∣∣∣∣
m=0
= γµγν
[
1 +
g2 CF
16 pi2
(α − 1)
(
1

+ log
(
µ¯2
q2
))]
. (17)
One can observe that there is no one-loop longitudinal part for the gluon self-energy. Thus the renor-
malization function for the gauge parameter receives no one-loop contribution. From the above results
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we can extract the renormalization functions:
ZDR,MSψ = 1 +
g2 CF
16 pi2
1

(2 + α) , ZDR,MSA± = 1 +
g2 CF
16 pi2
1

(1 + α) (18)
ZDR,MSu = 1 +
g2
16 pi2
1

(
1 + α
2
Nc + N f
)
, ZDR,MSλ = 1 +
g2
16 pi2
1

(
4αNc + N f
)
(19)
ZDR,MSS ,P = 1 −
g2 CF
16 pi2
1

, ZDR,MSV,A = 1 +
g2 CF
16 pi2
2

, ZDR,MST = 1 +
g2 CF
16 pi2
3

. (20)
Calculating the same Green’s functions as before on the lattice, and combining them with our results
from the continuum, we will be able to extract ZLψ , Z
L
u , Z
L
λ , Z
L
A± and Z
L
Γ
in the MS scheme and on
the lattice. On the lattice we have to calculate all the diagrams which were presented here as well as
further tadpole diagrams containing closed gluon, fermion, ghost loops and for gluon propagator we
have also take into account the contribution which comes from the measure part of the action. For the
algebraic operations involved in evaluating Feynman diagrams, we make use of our symbolic package
in Mathematica.
4 Future Plans – Conclusion
This will be the first calculation of the renormalization functions for SQCD on the lattice, providing a
thorough set of results for all counterterms, mixing coefficients and parameter fine-tuning. The deter-
mination of the Renormalization Functions of all fields and parameters which appear in SESQCD and of
a complete set of quark bilinear operators on the lattice are necessary ingredients in the prediction of
physical probability amplitudes from lattice matrix elements. As a first example of our lattice results,
we find for the inverse quark propagator:
〈ψB(x)ψ¯B(y)〉Lamp
∣∣∣∣
m=0
= i6q + g
2 CF
16 pi2
[
i 6q
(
12.8025 − 4.79201α + (2 + α) log
(
a2 q2
))
− 1
a
51.4347 r
]
(21)
where a is the lattice spacing. From Eqs. (21) and (9) we extract the renormalization for the quark field
on the lattice: ZL,MSψ = 1 + g
2 CF/(16 pi2)
(
−16.8025 + 3.79201α − (2 + α) log
(
a2 µ¯2
))
. In additional
the quark critical mass can read from Eq. (21): mquarkcrit. = −g2 CF/(16 pi2) 51.4347 (1/a) r. A further
extension of the present work would be to investigate of relationships between different Green’s func-
tions involved in SUSY Ward identities and to study the mixing among operators.
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